A stochastic, agent-based mathematical model of the coevolution of the archaeal and bacterial adaptive immunity system, CRISPR-Cas, and lytic viruses shows that CRISPR-Cas immunity can stabilize the virus-host coexistence rather than leading to the extinction of the virus. In the model, CRISPR-Cas immunity does not specifically promote viral diversity, presumably because the selection pressure on each single proto-spacer is too weak. However, the overall virus diversity in the presence of CRISPR-Cas grows due to the increase of the host and, accordingly, the virus population size. Above a threshold value of total viral diversity, which is proportional to the viral mutation rate and population size, the CRISPR-Cas system becomes ineffective and is lost due to the associated fitness cost. Our previous modeling study has suggested that the ubiquity of CRISPR-Cas in hyperthermophiles, which contrasts its comparative low prevalence in mesophiles, is due to lower rates of mutation fixation in thermal habitats. The present findings offer a complementary, simpler perspective on this contrast through the larger population sizes of mesophiles compared to hyperthermophiles, because of which CRISPR-Cas can become ineffective in mesophiles. The efficacy of CRISPR-Cas sharply increases with the number of proto-spacers per viral genome, potentially explaining the low information content of the proto-spacer-associated motif (PAM) that is required for spacer acquisition by CRISPR-Cas because a higher specificity would restrict the number of spacers available to CRISPR-Cas, thus hampering immunity. The very existence of the PAM might reflect the tradeoff between the requirement of diverse spacers for efficient immunity and avoidance of autoimmunity.
T
he ubiquitous arms race between viruses and their hosts to a large extent shapes the evolution of both (1) (2) (3) . All cellular life forms have evolved numerous, extremely diverse, and elaborate antiviral defense systems that occupy a substantial part of the genome, at least in free-living organisms (4) (5) (6) . Although some widespread defense mechanisms of bacteria and archaea, in particular the restriction-modification systems, have been known for many years and thoroughly characterized, recent advances in comparative genomics and experimental study of virus-host interaction have revealed new antiviral defense mechanisms some of which function on novel, unexpected principles (6) (7) (8) (9) (10) . Arguably, the foremost of these new advances is the discovery of the adaptive immunity system that became known as CRISPR (clustered regularly interspaced short palindromic repeats)-Cas (CRISPR-associated genes) (11) (12) (13) (14) (15) .
The CRISPR-Cas system employs a unique defense mechanism that involves incorporation of virus DNA fragments into CRISPR repeat arrays and subsequent utilization of transcripts of these inserts (spacers) as guide RNAs to cleave the cognate virus genome (16) (17) (18) (19) (20) . Thus, CRISPR-Cas represents bona fide adaptive immunity that until the discovery of this system has not been known to exist in prokaryotes (21) . However, an important distinction between CRISPR-Cas and animal immune systems is that CRISPRCas modifies the host organism's genome in response to infection and hence provides heritable immunity. Thus, CRISPR-Cas is the most compelling known case of Lamarckian inheritance whereby an organism responds to an environmental cue by generating a heritable modification of the genome that provides an adaptive response to that specific cue (22) . The role of CRISPR-Cas in antivirus defense in archaea and bacteria that initially was predicted on the basis of the detection of spacers identical to short sequence segments from virus and plasmid genomes and comparative analysis of Cas protein sequences (19) has been successfully demonstrated experimentally (23) . In the few years that elapsed since this key breakthrough, the CRISPR research evolved into a highly dynamic field of microbiology with major potential for applications in epidemiology, biotechnology and genome engineering (24) (25) (26) . The first applications of CRIPSR-Cas for genome manipulation and gene expression programming already have been developed (27) (28) (29) (30) .
The CRISPR-Cas system shows an enormous diversity of Cas protein repertoires and the architectures of the respective genomic loci. Comparative analysis of the sequences and structures of Cas proteins, combined with the analysis of genomic architectures, led to the classification of the CRISPR-Cas systems into three distinct types (I, II, and III) and several still unclassified minor variants (31, 32) . For each type and subtype, a specific signature gene has been identified allowing straightforward classification of the highly variable CRISPR-Cas loci in the course of genome analysis (32) .
The mechanism of CRISPR-Cas is usually divided into three stages: (i) adaptation, when new 30 to 84 bp long, unique spacers homologous to proto-spacer sequences in viral genomes or other alien DNA molecules are integrated into the CRISPR repeat cassettes; (ii) expression and processing of pre-crRNA into short guide crRNAs; and (iii) interference, when the alien DNA or RNA is targeted by a complex of Cas proteins containing a crRNA guide and cleaved within the unique target site (15, 32, 33) .
Viruses can evade CRISPR-Cas through minimal mutational or recombinational changes in proto-spacer regions. In several experiments, single proto-spacer mutations have rendered CRISPR-Cas ineffectual (23, 34, 35) , although other CRISPR-Cas systems showed less rigid specificity (36) . Conversely, hosts can regain antiviral immunity through new spacer additions (34, 35, 37, 38) , thus driving coevolutionary arms races between the mutating virus and the spacer-incorporating host. This arms race apparently can go multiple rounds and takes unexpected turns as demonstrated by the recent finding that certain bacteriophages encode their own CRISPR-Cas system which targets host innate immunity loci, thus turning a defense mechanism into an assault weapon (39) .
The CRISPR-Cas systems show a remarkably nonuniform distribution among prokaryotes, with nearly all sequenced hyperthermophiles (mostly archaea) but Ͻ50% of the mesophiles (largely bacteria) encompassing CRISPR-Cas loci (19, 32, 40) . In bacteria, the CRISPR-Cas loci demonstrate notable evolutionary volatility, with many cases reported when some of several closely related bacterial strains possessed CRISPR-Cas, but the others lacked it (41, 42) . Numerous cases of apparent horizontal gene transfer (HGT) of CRISPR-Cas loci also have been reported (43, 44) . Furthermore, the CRISPR-Cas loci have been shown to abrogate acquisition of foreign DNA via HGT (25, 45) and consequently are rapidly lost under selective pressure for HGT as demonstrated by the propagation of antibiotic-resistant CRISPR Ϫ strains of Enterococcus faecalis derived from a CRISPR ϩ progenitor in a hospital environment (46) . Rapid acquisition and loss of CRISPR spacers leading to intrapopulation heterogeneity also has been observed in experiments on both archaeal (47) and bacterial (48) models. Findings like these introduce the more general subject of the fitness cost incurred by the maintenance of the CRISPRCas loci (40, 49) that, in addition to the curtailment of HGT, is likely to involve the strong deleterious effect of autoimmunity caused by an occasional incorporation of proto-spacers from the self-DNA (50, 51) .
The arms race between the immune system and viruses, the common events of loss and horizontal transfer of CRISPR-Cas loci and the fitness cost apparently incurred by CRISPR-Cas combine to yield complex evolutionary dynamics. These types of dynamics provide fertile ground for mathematical modeling with a potential to elucidate the interactions between different evolutionary processes and possibly discover unexpected evolutionary regimes. Thus, recently, several mathematical models of CRISPRCas-virus coevolution have been developed and studied, using different assumptions and approaches. Essentially, these modeling efforts focused on explaining the striking features of the CRISPR-Cas systems that became apparent through comparative genomic analyses (52), namely, their fast evolution, enormous diversity and old end uniformity.
Kupczok and Bollback used maximum-likelihood estimates to analyze purely mechanistic models of CRISPR evolution in which spacers are added and removed stochastically (53) . The fits of the model to the observed CRISPR-Cas loci content in collections of closely related bacteria yielded estimates of the spacer addition and deletion rates and indicated that single spacer deletions were more likely than deletions of groups of spacers.
He and Deem were the first to introduce a stochastic population model with explicit CRISPR dynamics (54) to analyze the dependence of the spacer diversity on the relative position in the CRISPR array. Their approach has substantial limitations in that the CRISPR cassettes in the model have an unrealistically short fixed CRISPR length (as few as two CRISPR units in the mean field approach) and the immunity is decoupled from the virus growth rate. In a follow-up study, the model was extended to include the effect of viral recombination (52) .
A similar approach, but with an explicit coupling between immunity and virus growth rate, also resulted in the observation that leading spacers were more likely to confer immunity and that a small probability of CRISPR failure was irrelevant to the dynamics (55).
Haerter et al. investigated the conditions under which the diversity of CRISPR loci can be maintained in a spatially inhomogeneous, agent-based model with a small finite number of viral strains (56, 57) . These studies have concluded that spatial structure was required to explain the observed diversity of the CRISPR loci.
Levin explored the conditions for the maintenance of a costly CRISPR-Cas locus using a parameter-rich mean field model in which CRISPR immunity was parameterized rather than derived from an explicit coevolution dynamics of the spacer and protospacer populations (58) . This study led to the conclusion that there were narrow parameter regimes under which CRISPR-Cas provided bacteria with an advantage over CRISPR-lacking counterparts with a higher Malthusian fitness due to antivirus immunity and that selection for maintaining CRISPR-Cas was weak, suggesting that antivirus defense might not be the principal function of CRISPR-Cas. When the model was compared to experiments that measured the phage/host population dynamics, several apparent disagreements prompted the authors to conclude that the basic assumptions of the coevolutionary arms race models of CRISPR had to be reevaluated (59) .
Weinberger et al. aimed to explain the old end uniformity of the CRISPR loci by examining the dynamics of the diversities of the host and viral populations while keeping the total population size fixed in a model that derived immunity directly from the CRISPR locus dynamics (60) . A variant of this model with the additional dynamics of acquisition and loss of the entire CRISPR-Cas locus yielded the prediction of a viral diversity threshold above which CRISPR-Cas became ineffective and was therefore lost due to the fitness cost associated with its maintenance (40) . This study further tested the hypothesis that CRISPR-Cas is nearly ubiquitous in hyperthermophiles but much less common in mesophiles due to the decreased rate of mutation fixation in viruses infecting hyperthermophiles (40) . Simulations that included competition between CRISPR ϩ and CRISPR Ϫ hosts, as well as loss and HGT of CRISPR-Cas loci, showed that the immunological benefits provided by CRISPR-Cas outweigh the costs under moderate virus diversity that appears to be characteristic of hyperthermophilic environments. These results offered a possible explanation for the higher prevalence of CRISPR-Cas in hyperthermophiles compared to mesophiles and more generally identified the conditions for the evolutionary stability of sensor-type defense mechanisms.
To summarize, efforts using CRISPR modeling appear to be in the early stages of development when the ingredients and mecha-nisms required for an accurate description of the empirical observations are still being hashed out. Because modeling efforts to date have all made radical simplifications for the sake of tractability, interpretation of the results can be problematic, and direct comparisons to empirical data are not particularly informative. In the present study, we sought to avoid the tradeoffs present in the previous models of CRISPR such as the lack of explicit population dynamics, decoupling of immunity from viral dynamics, and the finite, limited CRISPR length and/or viral diversity. The model presented here is capable of representing the arms race, in which viruses mutate stochastically to escape immunity, in conjunction with the effect of the CRISPR array content on the fraction of immune interactions and therefore on the dynamics of the host and virus populations. The virus and host diversities are the outcomes of the model dynamics and not prescribed a priori.
The explicit population dynamics, as well as the possibility of virus and host extinction, distinguishes this work from our earlier model (40) that formally assumed constant population sizes. The inclusion of explicit virus and host population dynamics into the model allowed us to exploit the thoroughly characterized stochastic agent based predator-prey framework, which reduces to the Lotka-Volterra (LV) formalism in the limit of the infinite population size when fluctuations can be neglected (61) (62) (63) , for understanding virus-host coevolution in the presence of CRISPR-Cas immunity. The results of the model analysis indicate that CRISPR-Cas stabilizes the stochastic LV system in the intermediate range of viral mutation rate, i.e., leads to extended coexistence of viruses and their microbial hosts. The model further reveals the dependence of CRISPR-Cas efficacy on the population size, spacer incorporation efficiency, number of proto-spacers per virus, and viral mutation rate. When the fitness cost of maintaining CRISPRCas is factored into the model, the efficacy of the immunity system determines whether it is maintained in a population under the deletion bias conditions.
MATERIALS AND METHODS

Model.
The model developed here aims to reproduce the coevolutionary process shaped by immune interactions between viruses and bacteria or archaea carrying the CRISPR-Cas system, with an underlying ecological dynamics that controls the population of hosts and viruses. The model takes into account the fitness cost of the CRISPR-Cas loci, as well as the possibility of their loss and gain via horizontal transfer. Thus, the model is suitable to study the evolutionary and ecological conditions that determine the efficacy of CRISPR-Cas and its long-term fate in the host population.
The analyzed system consists of variable numbers of CAS-positive hosts (N bϩ ), CAS-negative hosts (N bϪ ), and viruses (N v ). Hosts (bacteria or archaea) are abstracted as variable size sets of (possibly nonunique) spacers. Viruses are represented as sets of N s distinct proto-spacers. Importantly, unlike in several previous models, neither the size nor the content of CRISPR locus are fixed a priori in our model but are the outcomes of the dynamics, which is described next. The host-virus system evolves according to a stochastic dynamics that is simulated using the Gillespie algorithm (64). We consider the following events: (i) growth of a CAS An encounter between a virus and a host may be immune or productive. An immune encounter occurs if a CAS ϩ host contains at least one spacer that matches any of the viral proto-spacers. Alternatively, both CAS ϩ and CAS Ϫ hosts can experience "innate" immune encounters (whereby the immunity is provided by defense systems other than CRISPR-Cas that do not depend on spacer acquisition), with a small probability s. Otherwise, the encounter is productive and results in the death of the host and a viral burst of size M.
The model further incorporates genome-level dynamics of the host spacers and viral proto-spacers. Every time a CAS ϩ host divides, the daughter cell may lose its CRISPR-Cas locus and all of the spacers with probability . Moreover, single spacers are deleted with probability ᐉ (per spacer). New spacers can be incorporated every time an immune encounter takes place: each proto-spacer of the infecting virus is added to the spacer list of the host with probability a. Finally, the new viruses produced at every viral burst mutate their proto-spacers with probability (per proto-spacer). We assume an infinite allele scenario where mutations always give rise to novel proto-spacers.
Parameter setting. Since we are dealing with a stochastic, agent-based model, the choice of parameter values is limited by the computational cost. We set the model parameters in such a way that simulation times become affordable, while the key properties of the population remain as realistic as possible. We varied the viral burst size M between 2 and 90, while the degradation rate was fixed at d ϭ 0.5. This parameter choice provides an equilibrium composition, with viruses being 10-to 100-fold more abundant than hosts, which is close to the actual virus/cell ratios observed in various habitats (65) (66) (67) . The mutation rate per proto-spacer was varied between 0 and 0.1; the encounter rate b (whose inverse controls the population size) was varied between 10 Ϫ3 and 10 Ϫ4 . The CRISPR-related parameters were set as follows: virus size N s ϭ 10 to 50 proto-spacers per virus, spacer loss probability ᐉ ϭ 0.05 or 0.1, and the incorporation probability a between 0 and 0.1. The probability of innate immunity was fixed to s ϭ 0.1. These parameters translate into spacer deletion bias so that in the absence of adaptive immunity, the host loses its spacers. In the region of the parameter space that was chosen to explore, the parameter values combine to yield a realistic range (10 to 100) of the steady-state size of the CRISPR cassette (12) .
Simulations start with viral and host population sizes equal to their Lotka-Volterra (LV) equilibrium values (see Results). Viruses were allowed to mutate once prior to the beginning of the simulation, whereas hosts start as CAS ϩ with no spacers. Simulation results were averaged over 100 independent realizations.
RESULTS
Effect of CRISPR-Cas on the host-virus system dynamics.
We first studied the effect of the CRISPR-induced immunity on the dynamics of the host-virus system. As a starting point, we simplified the model by assuming that the CRISPR-Cas loci are constitutively maintained in the host population, i.e., there is neither loss nor HGT of CRISPR-Cas loci, and the fitness cost incurred by the CRISPR-Cas system is negligible. In terms of the model parameters, these assumptions translate into ϭ ϭ c ϭ 0.
To evaluate the effect of CRISPR-induced immunity, it was first necessary to characterize the behavior of the virus-host system in the absence of CRISPR-Cas. When the population size is large and fluctuations can be neglected, the hosts and the viruses comprise a Lotka-Volterra (LV) system that oscillates around an Ϫ3 show that the mean survival time for the hosts under the chosen parameters setting is ϳ10 2 generations, whereas survival probability at T ϭ 10 3 generations is negligible. Thus, stochastic extinction (68) of the hosts within a time span of T ϭ 10 3 generations is the expected outcome whenever the CRISPR system is unable to provide antiviral immunity.
We assessed the effect of CRISPR-induced immunity on the host-virus system at various values of the viral mutation rate and the spacer incorporation rate a, after a simulation time of T ϭ 10 3 generations (Fig. 1) . According to the final fate of the system, three regimes become apparent: (i) viral extinction at low and moderate a, (ii) long-term coexistence at an intermediate range of the parameters, and (iii) stochastic extinction of hosts at greater values. Viral extinction is fast and occurs if the hosts achieve an average fraction of immune encounters greater than 1 Ϫ M Ϫ1 , which makes the mean viral yield drop below one per encounter (this regime corresponds to the black, upper left regions in Fig. 1A and B). In contrast, host extinction is the result of stochastic fluctuations in the discrete LV model and requires much longer times to occur (main, right region in Fig. 1A and 1B) . Within a rather narrow range of both parameters lies the regime of stable virushost coexistence (the colored areas in Fig. 1 ).
An important by-product of the CRISPR-induced immunity is that it increases the host and the viral population sizes (Fig. 2) . This effect might appear paradoxical at the first glance, but it is a direct consequence of the degree of CRISPR-mediated adaptive immunity p c achieved by the hosts and can be captured by using p c instead of the innate immunity s in the above expressions for N b * and N v * (solid lines in Fig. 2) . A higher level of immunity leads to increased survival of the hosts, and the larger the host population, the more viruses it can sustain. There exists an optimal virus mutation rate that maximizes the mean lifetime of the system before extinction and therefore the total amount of viral particles produced during the infection (Fig. 3B) . This optimal mutation rate is associated with a relatively high level of CRISPR-induced immunity but not as high as to quickly extinguish the virus. Immunity allows for large populations and long-term coexistence, which translates into sustained production of viral particles. Conversely, virus mutation rates that render CRISPR-Cas ineffective result in a decreased size of the host populations and consequently lead to a low total production of viral particles. In a qualitatively similar manner, both the mean lifetime of the system and the probability of virus extinction show sharp dependencies on the spacer acquisition rate a, with the longest lifetime at intermediate a values and a steep drop in the lifetime associated with the deterministic virus extinction at higher a values (Fig. 3C) .
Furthermore, the exponential increase of the mean lifetime before extinction with the population size (Fig. 3A) indicates that effective CRISPR-Cas stabilizes the stochastic LV virus-host system (a linear increase in the lifetime is expected without the stabilization effect). When viruses coexist with the hosts (see Fig. 1A and B), the populations are in a quasi-steady state in which the length L of the CRISPR array, the number N t of distinct protospacers in the viral population, and the probability p c that CRISPR provides immunity fluctuate around their time-average values. We show in the supplemental material that the probability p c of a match between a spacer and a proto-spacer in an encounter between a random virus and a random host can be expressed as a function of the ratio L/N t and the magnitude of the correlation between the relative abundances of proto-spacers and the matching spacers. Figure 4 illustrates that the steady-state value of the CRISPR-associated immunity p c is well approximated by:
where ␣ is a constant that depends on the strength of the correlation between the relative abundances of matching spacers and proto-spacers. The spacer-proto-spacer correlation reflected by ␣ increases with the burst size M but does not seem to depend on virus size N s . However, because the L/N t ratio does not seem to depend on N s , and N s appears in the exponent, adaptive immunity p c grows rapidly with N s .
To get a handle on the dependence of the CRISPR immunity p c on the model parameters, we examined L and N t in equation 1 separately. In steady state, the decay of the CRISPR array due to spacer loss is balanced by the growth due to immune encounters with viruses (Fig. 5) .
Effect of CRISPR-Cas on viral diversity. The selective pressure exerted by the CRISPR-Cas system on frequent viral protospacers suggests that CRISPR-Cas might directly promote viral diversity. On the other hand, new viruses that manage to escape adaptive immunity tend to rapidly proliferate, thereby reducing viral diversity. We found that neither mechanism operates and that the steady-state number of viral proto-spacers N t is closely approximated by the diversity in a viral population of the same size evolving in the absence of CRISPR-mediated immunity (a ϭ 0) (see Fig. 6 ). Thus, the proto-spacer diversity increases in the presence of CRISPR-Cas only inasmuch as the virus population grows. This counterintuitive finding is likely the result of the high number of proto-spacers per viral genome, which means that the beneficial effect of a mutation in a single proto-spacer is small and, accordingly, positive selection driving the evolution of new protospacers is weak if not negligible.
The diversity of a freely evolving virus population (Fig. 6 ) is described by a remarkably simple expression. In the limit of the large burst size M we obtain
(3) Perhaps counterintuitively, N t is a declining function of the burst size M for a fixed viral population size N v (Fig. 7) . This behavior can be explained by noting that when is small and the total number of proto-spacers in a viral population is fixed, each burst of a virus carrying a particular set of proto-spacers produces a relatively greater fraction of these spacers in the whole population and thus results in the reduction of the number of distinct proto-spacer types.
Conditions for the maintenance of the CRISPR system. In the previous sections, we elucidated the behavior of the model in a situation where CRISPR-Cas cannot be completely lost. In this section, motivated by the patchy distribution of the CRISPR-Cas system in prokaryotic genomes (6, 18, 40) , we allow for deletion of the entire CRISPR-Cas system and explore the conditions that govern its maintenance in the host population. Obviously, when carrying a CRISPR-Cas locus incurs a fitness cost, its maintenance depends on the fitness benefit it provides. Below, we elucidate the conditions under which CRISPR is effective enough to be retained in the population. Not surprisingly, and in accord with previous findings (40) , CRISPR is most effective and is therefore maintained in the intermediate regime when the viruses evolve fast enough to challenge CRISPR but not fast enough to evade it.
We first sought to determine how the virus mutation rate affects the efficacy of CRISPR-Cas. Equation 1 can be used to derive a characteristic viral mutation rate c at which CRISPR-associated immunity p c is equal to innate immunity s. When the viral mutation rate is much smaller than c , CRISPR immunity dominates over the innate immunity and vice versa. When s Ͻ Ͻ 1, we obtain:
where we used equation 2 to obtain the second expression. Equation 4 predicts that the threshold mutation rate of the virus, below which CRISPR-Cas is effective, is proportional to the virus size N s and the spacer acquisition probability a and inversely proportional to the viral population size N v . If viruses present a larger target for CRISPR or if hosts are more efficient at incorporating viral genetic material, the viruses have to mutate faster to escape immunity. Conversely, as the viral population grows, the concomitant growth of the proto-spacer diversity renders CRISPR ineffective. In other words, if the viral mutation rate is fixed, there exists a critical viral population size below which CRISPR provides immunity and above which it is useless. To further investigate the evolutionary dynamics of CRISPRCas, we explore the "three-species system" that consists of CRISPR ϩ and CRISPR Ϫ hosts and viruses. Here, we drop the simplifying assumptions of the preceding sections and assume that the CRISPR-Cas system entails some fitness cost c and that the CRISPR-Cas loci can be lost or horizontally transferred at rates and , respectively. As a first approach to the problem, let us introduce the mean field approximation that is valid when fluctuations can be ignored and the fraction of immune encounters in CAS ϩ hosts is assumed to be a constant parameter p. The population of CAS ϩ hosts (N bϩ ), CAS Ϫ hosts (N bϪ ) and virus (N v ) follows the equations:
The analysis of the system of equations (i.e., equations 5) shows that a minimum degree of CRISPR-induced immunity is required if CAS ϩ hosts are to survive. That efficacy threshold, denoted as p min , is equal to: fitness cost. Thus, deletion bias plays a role equivalent to that of the fitness cost with respect to the maintenance of cas genes. Conversely, an enhanced rate of horizontal transfer might compensate for fitness cost. Here, we analyze a scenario with equal rates of deletion and horizontal transfer, ϭ ϭ 0.1, and focus on the consequences of the fitness cost. In modeling horizontal transfer, a scenario with saturated DNA exchange was chosen. It is easy to generalize the model to include nonsaturated scenarios where the horizontal transfer rate is proportional to the number of hosts (see the supplemental material). In such a case, the value of p min that allows for CAS maintenance depends on the population size, with greater p min required in smaller populations.
The results of simulations addressing the maintenance of a costly CRISPR system are plotted in Fig. 8 . With the fitness cost set to c ϭ 1, the fate of cas genes in the host population has been studied for various values of the mutation and spacer incorporation rates (Fig. 8A) . Three regimes can be distinguished: (i) viral extinction, (ii) coexistence of virus and host, with CRISPR-Cas maintained, and (iii) CRISPR-Cas loss. Not surprisingly, these regimes roughly correspond to those obtained in Fig. 1A for the case without cost. When CRISPR-Cas is ineffective, it is rapidly lost (Fig. 8B) , whereas the stochastic extinction of hosts takes much longer, especially in large populations. When CRISPR-Cas drives viruses to extinction, the absence of new infections renders CRISPR-Cas useless and eventually causes its loss. That would not be the case if new viruses were introduced stochastically before CRISPR-Cas loss occurred.
The fate of the cas genes is determined by the effectiveness of the CRISPR-Cas immune system. With the parameters used in Fig. 8, equation 6 predicts that a minimum fraction of immune encounters p min ϭ 0.505 is required in order to retain CRISPRCas. Such a degree of immune encounters is achieved if the viral mutation rate is Ͻ 0.03 (at a ϭ 0.05) or Ͻ 0.04 (at a ϭ 0.1) (Fig. 8C) . The coincidence between these values and the boundary of the CRISPR-Cas maintenance region (Fig. 8A) supports the idea of an efficacy threshold given by equation 2.
Population size, fitness cost, burst size, and the number of proto-spacers. To study the effect of the population size on the efficacy and evolutionary fate of CRISPR-Cas, we focused on the encounter parameter b that is inversely proportional to the time average population size in the model. By varying parameter b across 1 order of magnitude, we found that CRISPR-Cas fails to provide immunity in large populations, and, as a result, large populations lose CRISPR-Cas loci (Fig. 9 ). This is a direct consequence of the increase in the viral diversity reflected in equation 3 and the resulting decrease in CRISPR-induced adaptive immunity predicted by equation 1.
A closer examination of the explicit dynamics of the model yields further insight into the mechanism of CRISPR-Cas loss (Fig. 9 ). There is an initial phase where the degree of immunity is high in both small and large populations. However, the increasing viral diversity reached in large populations leads to a gradual decrease in the efficacy of CRISPR, resulting in the eventual loss of CRISPR-Cas. Again, it is the increasing diversity of viruses, reflected by the total number N t of proto-spacers in the viral population, which gradually makes the immunological memory ineffectual.
The effect of other biological parameters on the maintenance of CAS is summarized in Fig. 10 . The evolutionary outcome does not depend on the value of the CRISPR-Cas fitness cost as long as it is moderately high. Even for a small fitness cost, an ineffective CRISPR system becomes an almost neutral trait that may be lost through neutral drift and population bottlenecks. This feature seems to explain the loss of CRISPR-Cas at small fitness costs and moderate mutation rates (Fig. 10A ) even when equation 6 predicts its retention. To summarize, the magnitude of the fitness cost for CRISPR-Cas does not qualitatively affect the outcome of virushost interaction. The viral burst size does not seem to perceptibly affect the results either (Fig. 10B) . In contrast, changes in the number N s of proto-spacers per virus dramatically change the evolutionary fate of CRISPR-Cas. It is easy to see that the greater the number of proto-spacers per virus, the more difficult it is for the virus to escape the immune memory. This dependence translates into a sharp transition in the long-term maintenance of CRISPR when immunity becomes greater than the threshold value p min as the number of proto-spacers per virus increases slightly.
DISCUSSION
The model described here seems to be more realistic than the previous models of CRISPR-Cas evolution because it makes fewer oversimplifying assumptions by including changing population sizes of both the hosts and the viruses coupled to the explicit dynamics of the CRISPR array. In addition, the size and content of the CRISPR arrays are not fixed a priori, as was the case in several previous models, but rather are determined by the evolution of the system. Accordingly, this model enables an explicit analysis of the population dynamics within a stochastic agent-based predatorprey framework that reduces to an LV system in the large popula- tion limit. This general modeling framework provides for an explicit analysis of the virus and host population dynamics and the evolution of the CRISPR-Cas loci and leads to several nontrivial results.
Although it might seem counterintuitive, CRISPR-Cas immunity stabilizes the virus-host system for intermediate values of the viral mutation rate, i.e., promotes the long-term virus-host coexistence, rather than leading to the extinction of the virus. Alternatively, if the mutation rate is fixed, this stabilization only occurs for intermediate values of the host and virus population size. In large populations CRISPR-Cas is lost, due to the increase in viral diversity, whereas when populations are small, stochastic extinction reduces the mean lifetime of the system. This observation links the present results to those of our earlier modeling study of CRISPRCas in which we have shown that the immunological memory provided by CRISPR-Cas can be effective only at moderate virus diversities (40) . This result has been suggested to explain the ubiquity of CRISPR-Cas in hyperthermophiles as opposed to the substantially lower prevalence in mesophiles given that the rates of mutation fixation are much lower in hyperthermophiles (both hosts and viruses) than in mesophiles (69, 70) . The present findings offer a complementary and simpler perspective on the difference in the prevalence of CRISPR-Cas between hyperthermophiles and mesophiles: extremely large populations in which CRISPR-Cas becomes useless according to the model results are known only for mesophiles, whereas hyperthermophiles typically exist as smaller populations (71) (72) (73) (74) in which CRISPR-Cas immunity is predicted to be efficient. More specifically, in deep-sea marine hydrothermal sediments, the cell densities of hyperthermophilic prokaryotes (primarily, Archaea) appear to vary approximately from 10 5 to 10 8 cells per g (72, (75) (76) (77) (78) (79) . In contrast, substantially higher prokaryotic cell densities, on the order of 10 9 cells per g and even greater have been reported for shallow water, mesophilic sediments (80) (81) (82) (83) (84) (85) (86) .
Because the mean lifetime of the system (LV stabilization) has a sharp peak at a certain intermediate value of the viral mutation rate, the maximum total virus yield before either viruses or hosts become extinct is reached at the same intermediate value of the viral mutation rate. This value is neither so high that CRISPR-Cas would become ineffective, nor so low that CRISPR-Cas would extinguish the virus.
Counterintuitively, in the present model, CRISPR-Cas immunity does not specifically promote viral diversity in the sense of driving positive selection for emergence of new spacers, presumably because the selection pressure on any single spacer is too weak. In fact, the model results indicate that, when the viral mutation rate is sufficiently low, the clonal bloom dynamics results in slightly reduced viral diversity compared to a freely evolving (without pressure to escape adaptive immunity) population. Virus diversity is directly proportional to the mutation rate and the population size and, accordingly, CRISPR-Cas promotes virus di- versity only inasmuch as the immunity leads to an increase in the population size.
The model results indicate that the efficacy of CRISPR increases with the number N s of proto-spacers per viral genome. Because maintenance of CRISPR-Cas is a threshold phenomenon, a small decrease in N s can lead to CRISPR-Cas loss. This finding might explain, at least in part, why the proto-spacer-associated motif (PAM), the presence of which in a viral genome is essential for a proto-spacer acquisition, has a low information content (i.e., consists of only two or three nucleotides) (87, 88) : it is critical for the host to be able to use multiple proto-spacers. The fact that the specificity in the selection of proto-spacers exists at all might reflect the tradeoff between the benefits of the utilization of multiple proto-spacers for efficient immunity and the avoidance of autoimmunity. Clearly, the mechanisms of self/non-self discrimination in CRISPR-Cas requires further, detailed exploration.
This model makes explicit, detailed predictions of the dependencies between the diversities of viruses and hosts, as well as the dynamics of virus and host populations. At present, the available data on virus and host diversity in the same habitat is insufficient for direct testing of these predictions, However, the rapid advances of metagenomics are expected to yield such data in the near future. Moreover, this model can provide the framework for setting up and exploring experimental evolution system for the study of the arms races between viruses and CRISPR-Cas-carrying hosts. A.E.L., Y.I.W., and E.V.K. are supported by intramural funds from the U.S. Department of Health and Human Services (to the National Library of Medicine).
